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LEGENDRE POLYNOMIAL EXPANSION O F  THE 
GRAVITATIONAL POTENTIAL OF THE EARTH 

V. D. Andreyev and 0. F. Malakhova 

ABSTRACT: Using the solution of Stokes' problem the authors find 
exact expressions for the coefficients in the Legendre polynomial 
expansion of the potential of the adjusted gravity field of the earth 
when a Clairaut ellipsoid is taken as the level surface of the grav- 
ity field. 
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Based on the solution of Stokes' problem [l-41, exact expressions are found for - /749* 
the coefficients in the Legendre polynomial expansion of the potential of the adjusted 
gravity field of the earth when a Clairaut ellipsoid is taken as the level surface of the 
gravity field. 

1. The solution of Stokes' problem, with a Clairaut ellipsoid [4] as the level surface 
vu 

of the earth's gravity field, reduces to the following expression for the gravitational field 
potential V [1-3] in the right-hand orthogonal coordinate system Oxyz tied to the earth 
(the origin 0 of this coordinate system coincides with the center of the earth, the z-axis 
is directed along the axis of rotation of the earth): 

V (2, y, Z) -AP (t' -1- 9') - DQz' CIi (1.1) 

Here 

(1.2) 
E' 

p = arc t g  e' - - Q = e' - arc t g  e', R = arc t g  e' 1 + Ls*= 

where E '  is the second eccentricity of an ellipsoid that is confocal with the Clairaut ellip- 
soid and passes through the point at which the potential is defined; A, B and C are con- 
stants. 

The quantity E'  is defined from the equality 

e' = [(as - b') / (b' f Y)]''~ (1.3) 

*Numbers in the margin indicate pagination in the foreign text. 
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where a and b a re  the semi-major and semi-minor axes of the Clairaut ellipse and v is 
the positive root of the equation 

The constants A, B and C in formula (1.1) a re  found from the relationships 

(1.4) 

Here E =(a  - b ) 'l2/b is the second eccentricity of the Clairaut ellopsoid, u is 
7 /750 

the angular rate of rotation of the earth, ge is the acceleration of gravity a t  the equator. 

which is not convenient for practical computations, and therefore the gravity field poten- 
tial is usually [Z-51 represented in the form of a Legendre polynomial expansion 

Relationships (1.1)-(1.5) yield an implicit expression for the potential V(x, y, z) 

"r 

where the distance r from the center of the earth and the latitude cp are  the geocentric 
coordinates of the point for which the potential is computed, Pn(sin cp) is the n-th order 
Legendre polynomial and An a re  constant coefficients in the expansion. 

The exact solution (1.1)-(1.5) of Stokes' problem is not usually used when deter- 
mining the coefficients A of the expansion (1.6). They a re  determined directly, due to 
the circumstance that the surface of the Clairaut ellipse is the level surface of the gravity 
field. In addition, approximate expressions for the first  coefficients An a re  obtained as  
series expansions in the small parameters 

n 

The first (and perhaps the second) terms of the expansion are  obtained relatively 
easily [3, 41. It also appears possible in this way to set  up recursion relationships for 
finding the series expansions for the coefficients A of any number sequentially, to any 
desired accuracy. However, the method for establishing these relationships and the re- 
lationships themselves a re  very complicated since the problem, all things considered, 
leads to the solution of an infinite (triangular) system of linear algebraic equations. 

n 

The determination of the first coefficients An of the potential expansion (1.6) on the 
basis of an exact solution of Stokes' problem is given in [ 6 ] .  But in this paper they a re  
also defined a s  expansions in powers of small parameters (1.7). 
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2. Converting to spherical coordinates (geocentric) r, 40, h in  formula (1.1) ac- 
cording to the relations x = r cos ~ C O S A ,  y = r cos cpsinh, z = r sincp, we write the equa- 
tion in the following form: 

From (1.3) and (1.4), introducing the notation 

(e is the first eccentricity of the Clairaut ellopsoid), we obtain the following equation 
defining e': 

8'4 sin2 cp - 8.0 (eZ,? - 1) - $t' = 0 (2.3) 
I 

from which 

y* 

From the last equality of (1.2) and Eq. (2.4) we find 

(2.4) 

On going over to complex numbers, expression (2.5) for 8R/8t can be represented 
in the form 

Since the function (1 - 2x7 + T ~ ) ~ ' ~  is the generating function for the Legendre /751 - 
polynomials'P (x), i. e. n 

it follows from (2.6) that 

M M 

(2.7) 
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and, consequently, (t = a/r): 

where C,(cp) is some function of latitude. 

Further, from Eqs. (1.2) and (2.4), taking (2.2) into account, we find 

From this and (2.8),  again converting from t to a/r, we find 

(2.11) 

where C2(cp) is also some function of latitude. 

3. On substituting expressions (2.9) and (2.11) into Eq. (2.1) we arrive at the fol- 
-lowing expression for the potential V: 

Since the potential V satisfies the condition 

lim rV = const, r 4 c 4  (3.2) 

then in (3. I), C,(rp) =O, C2(p) Z O  and consequently we obtain the following expression 
for the earth’s gravitational potential: 

From expression (1.5) and the last equality of (1.7) we obtain the following values 
for the constants A and C: 
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In this way 

where 

and the constants A and C a re  defined by Eqs. (3.4). 

After substituting the values of A and C into ( 3 . 6 )  and making use of the second 
equality of (2.2), we find, finally: 

Together with (3.5) an expression for the potential can be written in the form: 

Then 

Jo = gea 
(1 + &c) '/a 

{If- 2q 3 (arc tg e - e) + e3 

3 (3 j- e') arc tg e - 3e 

(3.7) 

(3.8) 

It is easily verfied that approximate expressions for the coefficients J2k can also 
2 be established by expanding formulas (3.9) in powers of E and q: 

Tho first terms of th6 expansions obtaiilecl for J0, J2 and J4 agroo with those given 
in 1[4, GI. 

2 If we take [l, 4, 7, 81 u = 7.29212 x l/sec and ge = 978.049 cm/sec , the 
computed values of these coefficients, for the parameters of the Krasovski ellipsoid 
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(a = 6738245 my e2 = 0.006693422) become: 

J ,  / a  = 979.S4B JL. JZ = --1OS3.24-10-'. J ,  = 2.4.10-'. Jo = - 6.3-10-O: 
and, for the parameters of a Clark ellipsoid (a = 6378206 m, e2 = 0.00676817), respect- 
ively 
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